In a previous work a novel parametrization was proposed for the pp andpp total cross section. Here, results are presented for analysis updated with taken into account the recent data from accelerator experiments as well as from cosmic ray measurements. The analytic parameterizations suggested within axiomatic quantum field theory (AQFT) provide the quantitative description of energy dependence of global scattering observables with robust values of fit parameters. Based on the fit results the estimations are derived for the total cross section and the ρ parameter in elastic pp scattering at various √ s up to energy frontier √ s = 10 PeV which can be useful for present and future hadron colliders as well as for cosmic ray measurements at ultra-high energies.
I. INTRODUCTION
The high energies physics is plentiful of open problems, despite the incredible success of the field theoretic approach, named Quantum Chromodynamics (QCD), in solving problems on this subject. As is well known, the hadron-hadron interactions at short distances, can only be studied using the perturbative approach of QCD. However, interactions at large distances (near the forward scattering) cannot be evaluated even within perturbation techniques. Therefore, the only way at present day to study a global parameters for hadron-hadron scattering is the using model approaches based on both formal theoretical results and experimental available data. In general, this modeling technique allows the formulation of a very large number of models each one enlightening some aspects of the collision process. Of course, all these efforts are attempts to construct a complete theory describing the hadron-hadron elastic and inelastic scattering.
The absence of a pure QCD description allows, as is well known, phenomenological analysis based on models [1] or almost-independent models [2] whose main goal is to fit the available experimental data extracting novel information, contributing to the development of useful computational schemes. Moreover, analyticity and crossing-symmetry are crucial theoretic results, however, important asymptotic theorems and bounds have been demonstrated in the last decades within the AQFT as Froissart-Martin and Jin-Martin bounds, providing formal constraints in the region of high-energies, which cannot be disregarded in any reliable formalism, mainly related with model-independent approaches.
In the recent scenario [3, 4] , the introduction of a fractal dimension and phase transition point of view can be used for the total cross section description as novel interpretation of the results discussed in [5] and those obtained here. Moreover, the results described in [6] must also be taken into account in order to analyze the results obtained in the present paper.
The paper is organized as follows. In section II, we present the basic formalism developed in [5] for elastic pp and pp scattering. Section III contains the results for simultaneous fits of global scattering parameters with taking into account the recent improvement for experimental database. Also the predictions for total cross sections in pp andpp elastic scattering are briefly discussed for some energies. Section IV presents the final remarks and summary.
II. GLOBAL PARAMETERS IN ELASTIC SCATTERING
For the sake of simplicity one neglects spin contributions as the energy increases, therefore the global physical quantities characterizing the elastic scattering are the well-known total cross section (σ tot ) and the ratio of the real to the imaginary part of the forward scattering amplitude (ρ parameter). Therefore the set of global parameters
pp , ρp p } is under study for elastic pp andpp scattering below. The invariant amplitude F (s, q 2 ) can be expressed as a function of two Mandelstam variables in the center-of-mass system, the energy squared s and the momentum transfer squared −t = q 2 GeV 2 as
where the imaginary part of F represents the absorptive term in the scattering reaction. In a previous work [5] , the scattering amplitude in forward direction, −t = q 2 = 0, was obtained based on both the formal high-energy bounds and the theorems from AQFT. Consequently, in [5] the following parameterizations for the global scattering parameters were deduced within AQFT
where the plus sign is for pp and the minus one forpp, the set of free parameters P N N = {α ± , β ± , δ ± , γ ± , κ} can be obtained from the fitting procedures of experimental data [5] . Qualitatively speaking, the Froissart-Martin bound was never improved and, therefore, α + (α − ) may be viewed as an empirical correction to this bound in order to tame its divergence as s → ∞. The first term in the right-hand side of (1) is responsible for the experimental data description at low energies. Then, one can expect that δ + ≈ δ − and γ + ≈ γ − , furthermore at very high energies 6 + γ ± → 0. However, the second term in the right-hand side of (1) is the leading one at high-energies for both pp andpp scatterings. Based on the Pomeranchuk theorem one expects, β + → β − , α + → α − at very high energies and, usually, it is interpreted as a pomeron exchange.
III. SIMULTANEOUS FITS FOR GLOBAL SCATTERING PARAMETERS
It should be noted the database (DB) to set of the global scattering parameters G N N was updated significantly since the previous analysis [5] and the new experimental results were added for σ pp tot mostly. Our approach for phenomenological study of elastic pp andpp scattering supposes the using of the newest available version of data files of the Particle Data Group (PDG) for experimental results for global scattering parameters in order to avoid additional uncertainties and provide a correct comparison with other studies, in particular, previous analysis [5] . But the latest available version of the PDG DB from [7] does not contain the recent LHC results 2 for global parameters in elastic pp scattering at √ s = 7 TeV [9] and 8 TeV [10, 11] as well as cosmic ray point at √ s = 95 +5 −8 TeV [12] . Therefore the simultaneous fit is made within the present paper for energy dependence of terms of the G N N for different stages of the PDG DB: DB16, only the DB from [7] , and DB16+, the DB16 with new the LHC and cosmic ray data 3 . Two methods are used for calculation of total errors, namely, (i) as linear sum of systematic and statistical errors and (ii) as addition of the two uncertainties in quadrature. The method (i) corresponds to the [5, 17] and allows the correct comparison with our previous analysis but the method (ii) is the same as well as in PDG approach [7] . Simultaneous fits are made by equations (1), (2) for the energy dependence of global scattering parameters from the set G N N for DB16 and DB16+ for each of the methods for total error calculations. The numerical results of the simultaneous fits are shown in Table I and II for method (i) and (ii) respectively. Experimental data with total errors from method (ii) together with fit curves are shown in Fig. 1 for DB16 and in Fig. 2 for DB16+. In the first case the new data with respect of the DB16 are shown also for completeness, but as indicated above the points from DB16 are only fitted in Fig. 1. In Figs. 1, 2 solid lines correspond to the fits at √ s min = 5 GeV and dashed curves are fits at
The values of all terms of the set P N N from Table I for DB16 coincide with the values of corresponding fit parameters from [5] within errors 4 for any s min . As consequence all features of the fit curves in Fig. 1 agree with detailed discussion for previous analysis [5] . It should be noted that fit qualities are better for the present study for DB16 than that for earlier simultaneous fit [5] for an identical method of total error calculation at any s min and this improvement amplifies with the growth of the s min .
As seen suggested approximation functions (1), (2) provide reasonable fit qualities at smallest √ s min = 3 GeV and statistically acceptable χ 2 /n.d.f. at any other √ s min for both types of total errors (Tables I and II) . Thus, as shown previously [5] the parameterizations for the terms of the set G N N deduced within AQFT demonstrare good agreement with available experimental data. The recent LHC results [9] [10] [11] agree well with general trends for global pp scattering parameters (Figs. 1a, c) especially for σ pp tot ( Fig. 1a) as well as cosmic ray point at highest available energy √ s = 95
TeV [12] . Therefore, one can expect the new data with respect to the DB16 will negligibly affect on the values of fit parameters, especially for high s min . This qualitative hypothesis is quite confirmed by the fit results for different stages of DB under consideration from Tables I and II . For each of the DB16 and the DB16+ all terms of the set P N N are the same for Tables I and II within errors for any methods of total uncertainty calculations. For any DBs considered in the present paper the values of fit parameters do not depend on the method of total error calculations. Thus the parameterizations (1), (2) suggested within AQFT shows the strong robustness and stability for values of terms of the set P N N with regard of different version of modern experimental DB for global scattering parameters G N N . The new data points included in the DB16+ lead only to the slightly poorer fit qualities with regard to the DB16 at corresponding s min . Despite of the agreement between the values of terms from the set P N N for DB16 and DB16+ the new data points lead to the some changes in the energy dependence of the global scattering parameters from G N N due to variations of fit parameters. These changes are in the multi-TeV domain and mostly for ρ-parameter. As seen from Figs. 1c, 2c the DB16+ provides some vanishing of the spread between fit curves at low and high s min and what is more important the fit curve at √ s min = 30 GeV changes from the flat (Fig. 1c) on the decrease (Fig. 2c) at √ s 10 TeV. The second case agrees better with a qualitative view of the energy dependence of ρ-parameter joined for pp andpp at √ s ≥ 10 GeV [11] . The similar situation is seen for the ρp p at migration from the DB16 (Fig. 1d) to the DB16+ ( Detailed analysis of the relations between fit parameters in pairs α ± , β ± , γ ± and δ ± allows the following conclusions. The asymptotic relations α
GeV within mostly 1 standard deviation (s.d.) for DB16 and DB16+ with method (i) for total error calculation (Table I) with exception of the γ ± at √ s min = 30 GeV for DB16. The asymptotic constrain δ + = δ − is valid at √ s min ≥ 15 GeV mostly within 2 s.d. for both DBs with two exceptions, namely, for DB16 at √ s min = 30 GeV and for DB16+ at √ s min = 15 GeV (Table I ). The situation is the same for α ± , β ± at the harder restriction of total errors within method (ii) in Table II with exception only for DB16 at √ s min = 15 GeV. In the last case α [5] as well as between DB16 and DB16+ allows the general suggestion that the sequential addition of experimental data at high and ultra-high energies in the fitted sample leads to the some improvement of the validity of the asymptotic constrains for terms of the set P N N as well as for decrease of the low value √ s min for such validity. In present analysis, there is a significantly different γ ± parameter from the asymptotic value γ ± a = 6 which can implies no reaching Froissart-Martin bound even at highest measurable cosmic ray energies.
Based on the fit results (Tables I, II) one can obtain phenomenological predictions for terms of the full set of global scattering parameters G N N . These predictions will be within the framework of the Standard Model (SM) physics without any hypothesis for the contributions of the physics beyond the SM. On the other hand, the predictions below are calculated based on the general theorems and limit constrains of the AQFT and, therefore, these results can be useful for search for signatures for any new physics beyond the SM. As seen in Fig. 2 there are detailed measurements for total cross section and ρ parameter for elastic pp (Figs. 2a, c) andpp (Figs. 2b, d ) scattering in energy ranges of the FAIR ( √ s = 3.0 − 14.7 GeV) and NICA ( √ s = 20 − 25 GeV) projects. Moreover, the most of the present facilities (RHIC, LHC) as well as the international projects for possible future hadron collider (FCC-hh, SPPC, VLHC) focus on investigations with proton beams [18] [19] [20] . Thus we estimate the global scattering parameters for elastic pp scattering for RHIC energy domain of √ s = 0.20 − 0.51 TeV because it would be cover the large gap between ISR and the LHC measurements, at energies √ s = 2.76, 13 − 42 TeV of the LHC, for future projects of proton collider ( √ s = 40 − 200 TeV). Estimations are also calculated for ultra-high energy cosmic rays up to √ s = 1 PeV corresponded to the end of cosmic ray spectrum [21] as well as for some higher energies. Phenomenological predictions are derived for pp terms of the set G N N based on the fit results for more complete data sample DB16+ with method (ii) for total error calculations (Table II) [22] described in detail in [5] is also valid for the present paper with some improvement (σ pp tot = 120 ± 9 mbarn, ρ pp = 0.14 ± 0.14). As seen from Figs. 1a, 2a fits by (1) within AQFT quite agree with cosmic ray measurement for σ pp tot at √ s = 57 ± 7 TeV [23] for both DB16 and DB16+ but the agreement is within error bars only at highest measured energy √ s = 95 +5 −8 TeV [12] . These qualitative arguments are totally confirmed by calculations, for instance, at √ s min = 15 GeV, which provide σ pp tot = 132 ± 10 (142 ± 11) mbarn, ρ pp = 0.13 ± 0.14 (0.13 ± 0.15) for √ s = 57 (95) TeV. In the first case the value for σ pp tot agrees quite well with the result based on the analytic amplitude with the Froissart saturation [24] . But as well as in our previous analysis [5] the predictions for pp total cross section derived within AQFT in the present paper are significantly smaller than that for energy dependence ∝ ln 2 s in earlier study [25] while the ρ pp values are in agreement within large uncertainties. The model curves based on the DB16+ with method (ii) for calculation of total errors demonstrate the increase of (absolute) values of global scattering parameters from the set G N N for √ s > 1 PeV at any √ s min with exception of the dependence ρ pp ( √ s)
which is almost flat up to much higher energies.
IV. FINAL REMARKS
As is well known, the dips in the differential cross section are due to the existence of zeros in the imaginary part of the scattering amplitude. If one assumes that derivative dispersion relations can be applied to small transferred momentum values, then one may associate, at least, the first dip in the differential cross section with the fractal structure in the momentum space. As known from [6] , the multiparticle production is controlled by a power-law behavior whose exponent possess a fractal dimension. Therefore, at least in small momentum transfer region, the power may control the total cross section behavior.
In terms of the pomeron exchange, the usual is to consider the exchange of two or three pomerons to tame the total cross section rise [26] considering s > s 1 here, where s 1 is some threshold value. If each particle exchanged corresponds to a dip, then one may expect three dips, at least. In terms of fractal dimension, this "partition process" can be viewed as a "fractal dimension partition", i.e., the fractal dimension obtained considering s > s 1 is separated in two or three, each one representing a pomeron exchange. Therefore, this approach create a multifractal character to the total cross section if s > s 1 .
However, one must take into account the theoretical results concerning the formal fractal theory. The first question is to know if the set with positive fractal dimension in [2] or in [6] is a homeomorphism to the Cantor set. As is well known, the Cantor set possess fractal dimension ln 2/ ln 3 ≈ 0.630 and is defined in the interval [0, 1]. The second question is to know if the iterated function system formalism can be applied to this problem. If it is possible, then a theorem due to Peres-Shmerkin [27] working with iterated function system states that the sum of two fractal dimensions cannot result in the original fractal dimension, i.e., if one splits the original data set in two, then the sum of the fractal dimensions of each data set is not the original fractal dimension. A possible physical consequence of this mathematical result is the impossibility to describe the whole elastic scattering using the multiple pomeron exchanges.
It is important to stress the novel interpretation introduced in [3, 4] concerning the total cross section in terms of fractal dimension and phase transition. The fractal structure present in the total cross section can viewed as a manifestation of a Berezinskii-Kosterliz-Thouless (BKT)-like phase transition [28, 29] . The phase transition occurs at √ s 1 ≈ 15 − 25 GeV and represents a region where the fractal dimension is null. Considering s < s 1 the fractal dimension is negative, representing the emptiness of the total cross section; if s > s 1 , the fractal dimension is positive indicating an increasing of the internal structure complexity. Therefore, the odderon is the negative fractal dimension and the pomeron is the positive one. In terms of phase transition this can be viewed as follows. The fractal dimension presents in momentum [6, 30] and energy space can be viewed in the impact parameter formalism as a BKT-like phase transition in the sense that the logarithm of the spatial separation of vortex-antivortex pairs is replaced by the logarithm of a probabilistic area in terms of the inelastic overlap function [4] . Therefore, the BKT-like phase transition is the responsible by the change in the total cross section data behavior. In the slope data set, this phase transition can be observed in a possible crossing between pp andpp data sets, exactly as occurring to σ tot (s).
Two consequent stages are considered for modern database for global scattering parameters in elastic pp andpp scattering, namely, the latest PDG sample (DB16) and all available experimental results (DB16+). The analytic parameterizations suggested within AQFT provide the quantitative description of energy dependence of global scattering parameters with robust values of fit parameters for any DBs and methods for calculation of total errors under consideration. The fit qualities are reasonable for wide energy range ( √ s ≥ 3 GeV) and the quantity is statistically acceptable at low boundary for fit domain √ s min ≥ 10 GeV for method (ii). Based on the fit results the estimations are derived for the total cross section and the ρ parameter in elastic pp scattering at different √ s up to energy frontier √ s = 10 PeV. These estimations are in a good agreement, in particular, with available cosmic ray data in multi-TeV energy domain. The model proposed in [5] considers in its formulation some important results of AQFT and presents an interesting characteristic, its sensitivity, to the minimum √ s min . Although based on asymptotic results, the available datasets are not statistically equivalent in terms of distribution over √ s. The result is an obvious interference of the low energy dataset on the asymptotic results. Therefore, one may expect that asymptotic models using low energy dataset cannot predict the behavior of the elastic scattering amplitude as s → ∞. The question is to discover the exact starting energy of applicability of each model. On the other hand, regardless of its natural limitation, asymptotic models are important to the understanding of high energy physics. 51 ± 3 59 ± 3 61 ± 3 82 ± 5 106 ± 7 107 ± 7 119 ± 9 126 ± 10 ρ pp 0.13 ± 0.09 0.14 ± 0.10 0.14 ± 0.10 0.14 ± 0.12 0.14 ± 0.13 0.14 ± 0.13 0.14 ± 0.14 0.14 ± 0.14 SPPC, FCC-hh, VLHC -I, II  40  50  70.6  100  125  150  175  200 σ pp tot , mbarn 125 ± 9 130 ± 10 136 ± 11 143 ± 11 147 ± 12 151 ± 12 154 ± 13 156 ± 13 ρ pp 0.14 ± 0.14 0.13 ± 0.14 0.13 ± 0.14 0.13 ± 0.15 0.13 ± 0.15 0.13 ± 0.15 0.13 ± 0.15 0. 13 0.13 ± 0.15 0.13 ± 0.15 0.13 ± 0.15 0.14 ± 0.16 0.14 ± 0.16 0.14 ± 0.16 0.14 ± 0.17 0.14 ± 0.18 (1), (2) . Solid points are from DB16 [7] and these points are included in the fitted sample, open points from [9] [10] [11] [12] are not included in the fitted data sample (detailed explanation -see in text). The solid line corresponds to the fit at √ s min = 5 GeV, the dashed line -at √ s min = 30 GeV. (1), (2) . Experimental points from DB16+ [7, [9] [10] [11] [12] are included in the fitted sample. The solid line corresponds to the fit at √ s min = 5 GeV, the dashed lineat √ s min = 30 GeV.
